The experimental rate of neutrinoless double beta decay can be saturated by the exchange of virtual sterile neutrinos, that mix with the ordinary neutrinos and are heavier than 200 MeV. Interestingly, this hypothesis is subject only to marginal experimental constraints, because of the new nuclear matrix elements. This possibility is analyzed in the context of the Type I seesaw model, performing also exploratory investigations of the implications for heavy neutrino mass spectra, rare decays of mesons as well as neutrino-decay search, LHC, and lepton flavor violation. The heavy sterile neutrinos can saturate the rate only when their masses are below some 10 TeV, but in this case, the suppression of the light-neutrino masses has to be more than the ratio of the electroweak scale and the heavy-neutrino scale; i.e., more suppressed than the naive seesaw expectation. We classify the cases when this condition holds true in the minimal version of the seesaw model, showing its compatibility (1) with neutrinoless double beta rate being dominated by heavy neutrinos and (2) with any light neutrino mass spectra. The absence of excessive fine-tunings and the radiative stability of light neutrino mass matrices, together with a saturating sterile neutrino contribution, imply an upper bound on the heavy neutrino masses of about 10 GeV. We extend our analysis to the Extended seesaw scenario, where the light and the heavy sterile neutrino contributions are completely decoupled, allowing the sterile neutrinos to saturate the present experimental bound on neutrinoless double beta decay. In the models analyzed, the rate of this process is not strictly connected with the values of the light neutrino masses, and a fast transition rate is compatible with neutrinos lighter than 100 meV. *
Introduction
The study of neutrinoless double beta decay (0ν2β) transition (A, Z) → (A, Z + 2) + 2e
− has a special relevance for testing the physics beyond the standard model. On the experimental side, there is a very lively situation [1, 2, 3, 4, 5, 6] and even an experimental claim, that the 0ν2β transition has been already measured at present [7] ; but even postponing a judgment on these findings, it is remarkable that there are realistic prospects for order-ofmagnitude improvements in the search for the 0ν2β lifetime [5, 6, 8, 9, 10, 11, 12, 13, 14, 15] . On the theoretical side, accepting that neutrinos have masses, see [16, 17, 18, 19, 20, 21, 22, 23, 24] and [25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43] , the investigation of 0ν2β becomes the most natural option; moreover, the observation of lepton-number violating processes would be a cogent manifestation of incompleteness of the standard model, and could be even considered as a step toward the understanding of the origin of the matter. 1 However, once we enter the theoretical discussion, one has to stress immediately an evident but essential point, that the meaning of 0ν2β depends on the model. To naive eyes, the fact that no neutrino is emitted in this transition leads one to wonder what is the link of 0ν2β with neutrinos. The most popular theoretical answer is that, the hypothesis that neutrinos have Majorana mass [44] suggests that the exchange of virtual, light neutrinos is a plausible mechanism for the occurrence of 0ν2β [45] . An additional (and more recent) theoretical argument is that, listing the effective operators that obey the standard model gauge symmetry, Majorana neutrino masses arise already as dimension-five operators [46] ; thus any further contribution to 0ν2β (or, say, to proton decay) will be due to the higher-dimensional operators, and, as such, are expected to be suppressed. However, there is an implicit assumption underlying this approach: namely, that the new physics is at very high scale. This assumption may or may not hold. In fact, the possibility that 0ν2β is mostly due to mechanisms different from the conventional one (light neutrino exchange) has been proposed since long [47] and it is actively discussed, see e.g., [48, 49, 50, 51, 52, 53, 54, 55, 56, 57] .
Among the simplest renormalizable extensions of the standard model, that are able to account for neutrino masses, the addition of heavy sterile neutrinos-i.e., so called Type I seesaw [58, 59, 60, 61] -is largely considered as the minimal option. These new particles, if lighter than a some 10 of TeV (see below) can act as new sources of lepton number violation, or in other terms, as potential additional contributors to 0ν2β. The main goal of the present paper is a systematic study of this possibility, considered occasionally in the past [56] . Note incidentally that the possibility that the heavy neutrinos are not ultra-heavy, and thus can be potentially tested experimentally, is the first one that has been considered in [58, 59] . 2 The outline of the paper is the following: In Sect. 2, we review the basics of light as well as heavy neutrino exchange in 0ν2β process. The most important result of this section is given in Sect. 2.2; using the updated nuclear matrix element of reference [62] , the bound on the active-sterile mixing coming from 0ν2β transition is re-examined. The improvement in the uncertainty of the nuclear matrix element leads the bound to be one order of magnitude tighter than the existing one [63] . On the face of this analysis, the bounds coming from other potentially relevant experiments, see [64] for a review, have become relatively less significant. Also see [65] for a specific realization, where the bound on sterile neutrino mass and mixing has been obtained from 0ν2β, astrophysical and cosmological informations.
Following this, we provide the detailed analysis on the nature of 0ν2β transition for the simplest extensions of the standard model with heavy sterile neutrinos. In Sect. 3, we first concentrate on the usual Type I seesaw, and later in Sect. 4 , we extend the discussion to the other seesaw scenarios as well, namely Extended seesaw [66, 67] .
In Type I seesaw, the generic naive expectation (as precisely defined in Sect. 3.2) leads us to believe that the heavy sterile neutrino contribution in 0ν2β process is much smaller than the light neutrino contribution. For one generation of light and and heavy sterile neutrino state, this naive expectation is established by the very basic seesaw structure (see Sect. 3.2.1). Going beyond one generation, it is however possible to reach the opposite extreme; i.e., one can obtain a dominant and even saturating [1] sterile neutrino contribution, which is not inherently linked with the light neutrino contribution. The systematic study of this possibility requires, that the light neutrino contribution should be smaller than the naive expectation suggested by seesaw. This consideration is carried out in Sect. 3 .3, where we analyze the vanishing seesaw condition and its perturbation, leading to small neutrino masses. We classify the different cases, where the light neutrino spectra is not necessarily degenerate, and even possibly hierarchical. All these cases can provide a dominant sterile neutrino contribution in 0ν2β process, as discussed in Sect. 3.4. We derive an useful parameterization in Appendix A to study these cases analytically. For completeness we also provide explicit numerical example in Sect. 3.4.6.
Assuming a saturating contribution [1] from heavy sterile neutrino exchange, in Sect. 3.2.2, we provide a naive estimation on the prospect of heavy Majorana neutrino search at LHC [69, 70, 71] , as well as in lepton flavor violating process [72] ; these prospects turn out to be weak due to the stringent constraints coming from 0ν2β process. The possible issue, like radiative stability of the light neutrino mass matrices, below the naive seesaw expectation, is discussed in Sect. 3.3.3 . This, along with the request of a dominant heavy sterile neutrino contribution in 0ν2β process gives an upper bound of about 10 GeV on the heavy sterile neutrino mass scale (Sect 3.4.5) and also an upper bound on the necessary perturbation of the vanishing seesaw condition.
Following the analysis of Type I seesaw, in Sect. 4 we then consider a natural seesaw extension, namely Extended seesaw scenario [66, 67] . We describe the basics of Extended seesaw in Sect. 4.1 and after that quantify the different sterile neutrino contributions in 0ν2β process (Sect. 4.2). As for the Type I seesaw, the sterile neutrino states in this case can also give significant contributions in 0ν2β process. In this particular seesaw scenario, the light neutrino contribution depends on a small lepton number violating parameter, while to the leading order, the active-sterile neutrino mixing is independent of that parameter. Due to this particular feature, the sterile neutrino contribution to 0ν2β process is totally independent of the light neutrino contribution. In the next section i.e., Sect. 4.3, we discuss the possibility of obtaining a saturating contribution [1] from the sterile neutrino states, the scope of finding sterile neutrinos at LHC [69, 70, 71] , and as well as the possibility of obtaining a rapid lepton flavor violation [72] . Possible issues, such as, the higher-dimensional correction to the active-sterile mixing angle and 0ν2β transition amplitude, that will arise due to the small lepton number violating scale, has also been discussed. The details of higher-dimensional correction to the mass and mixing matrix has been evaluated in the Appendix B. Finally, in Sect. 5, we present the summary of our work.
The analysis presented in this paper clearly shows that the heavy sterile neutrino states can certainly dominate the 0ν2β transition; this possibility has the potential to overcome any conflict [73] between the cosmological bound and the experimental hint on 0ν2β obtained by Klapdor and collaborators [7] , or more in general it permits to reconcile a fast (and potentially observable) rate of 0ν2β and small neutrino masses. In addition, for Type I seesaw, the demand of radiatively stable light neutrino mass matrices lowers the mass scale of the heavy sterile neutrino states below 10 GeV. Note that, based on the updated nuclear matrix elements [62] , the bound from 0ν2β is now much more stringent than the previous consideration [63, 64] . Further improvement in meson as well as neutrinodecay experiments have a certain potential to provide us with more information on (and possibly a measurement of) the active-sterile mixings, which is similar to the conclusion obtained in the νMSM model by Shaposhnikov and collaborators [74] .
Light and heavy neutrino exchange
The phenomenological possibility that some heavy neutrino state contributes to 0ν2β transition amplitude has been remarked since long: see [75] for a model that however contradicts the current understanding of neutrino masses and interactions, [68] for the first modern discussion within gauge theories, [76] for a further earlier contribution.
The relevant discussion is summarized in this section, emphasizing: 1) the large number of free parameters, Sec. 2.1; 2) the role of (and the remarkably large uncertainties in) nuclear matrix elements for heavy neutrino exchange, Sec. 2.2. Subsequently, we will apply the results of this discussion to the specific model of interest for heavy neutrinos, Type I seesaw, where the number of free parameters is smaller.
Parameters of the 0ν2β amplitude
As we recall, several experiments testify that the usual left neutrinos ν ( = e, µ, τ ) are subjected to flavor transformations, as expected if they have mass. Considering only the minimal case these neutrinos have Majorana mass; this minimal ansatze amounts to postulate that the particle content of the SU(2) L ×U(1) Y standard model theory remains the same, while the Lagrangian is endowed with a non-renormalizable term, which after spontaneous symmetry breaking reads
In the above, the unitary matrix U is the leptonic mixing matrix, ν = U i ν i , ν l and ν i are respectively the flavor and mass basis; the physical masses m i of the neutrinos are real and non-negative; the possible Dirac and Majorana phases are included into U i . This hypothesis not only accounts for oscillations, but also has some predictive power for the lepton number violating neutrinoless double beta decay process. Indeed, the ee-element of the mass matrix:
contributes to the neutrinoless double beta decay rate (see [77] , [78] , [79] , [80] for recent reviews). Evidently this quantity cannot exceed i |U 2 ei |m i , and since the differences of neutrino mass squared are measured and the relevant elements of the mixing matrix are sufficiently well-known, there is a upper bound on |(M ν ) ee | as a function of the lightest neutrino mass m min [40, 81, 82] , or equivalently of the other mass scales, such as the mass probed in direct search for neutrino masses m 2 β = i |U 2 ei |m 2 i , or the sum of the neutrino masses m cosm = i m i probed in cosmology (see [83] and e.g., [84, 85] ). For the lightest neutrino mass scale m min > 0.1 eV, relevant to the case of present experimental sensitivities, one can approximate the bound as,
with an accuracy better than 10%, that moreover improves for normal mass hierarchy. It is interesting that the experimental hint on 0ν2β obtained by Klapdor and collaborators [7] , according to [73] , challenges the bound obtained in cosmology, though this conclusion depends on which cosmological bound is considered and which nuclear matrix element is used, see below for a more quantitative statement. Of course, in less minimal models new contributions to 0ν2β are expected and the conflict between the cosmological bound and the experimental hint on 0ν2β [7] can be overcome. This can happen when the usual left-handed neutrinos contain heavy neutrino components, too,
where we have considered n h heavy neutrinos N i with masses M i and small mixing |V i | 1 (this condition is discussed later). In fact, the amplitude of 0ν2β is proportional to
which includes the contribution due to heavy neutrino exchange (also called direct contribution, or contact term).
Here, p 2 is the virtuality of the exchanged neutrino. We have p 2 < 0, for the time component p 0 is of the order of the Q value of the reaction, few MeV, wheres its space component is much larger and essentially determined by the separation between neutrons, || p || ∼hc/fm ≈ 200 MeV. In the above expression for the amplitude, we considered the case of interest,
Indeed, if we have a virtual Majorana neutrino with mass µ and with momentum p, its propagator implies that the amplitude is proportional to:
which in the limits of µ 200 MeV or µ 200 MeV reduces to µ/p 2 and −1/µ respectively.
Role of the nuclear matrix elements
A traditional expression for the 0ν2β half-life is:
where the parameters of light and heavy neutrinos, as defined in Eq. 5, are presented through the complex dimensionless parameters η ν = U 2 ei m i /m e and η N = V 2 ei m p /M i , and, conventionally, the reference mass scales are chosen to be the electron and the proton masses m e and m p . In the above, M ν and M N are the nuclear matrix elements corresponding to the light and heavy neutrino exchange in 0ν2β process.
Whenever necessary, we will assume for the nuclear matrix elements the values given in [62] , where we read that, in the case of 76 Ge 0ν2β transition, the 'phase space' factor is G 0ν = 7.93 × 10 −15 yr −1 and the matrix elements are M ν = 5.24 ± 0.52 and M ν = 363 ± 44. These values imply, for instance, that the result of Klapdor, T 1/2 ( 76 Ge) = 2.23
−0.31 × 10 25 yr [7] would be consistent with η ν = 4.5 × 10 −7 and η N = 0; with η ν = 0 and η N = 6.5 × 10 −9 ; or with linear combinations of these limiting cases (possibly allowing for an overall sign). The first possibility, where only the neutrino mass is present, would imply
namely, a degenerate neutrino spectrum, partly testable with KATRIN experiment and of great interest for cosmological investigations, since it implies m cosm > 0.69 eV (see Eq. 3). In the following, we will be especially interested to explore the opposite limit, when the 0ν2β is dominated by the second term, and the neutrino mass spectrum is not necessarily degenerate, and even possibly hierarchical. The traditional expression in Eq. 8 can be recast into the following equivalent form:
where we set K 0ν = G 0ν (M N m p ) 2 and following [55] we defined,
Note the resemblance of Eq. 10 with the expression of the amplitude given in Eq. 5. With the values of [62] , we get p 2 = −(182 MeV) 2 , in remarkable accordance with the rough expectations for p 2 described in Sec. 2.1. An alternative presentation of the lifetime, valid for generic values of the neutrino masses, is
This agrees with Eq. 8 if one identifies the following sets of parameters,
and, at the same time, the following limits hold:
the scale of comparison being − p 2 ∼ (200 MeV) 2 . A simple and useful analytical approximation of the general expression of Eq. 12 has been proposed in [86] :
The advantage of this formula is that it emphasizes the role of the neutrino propagator given in Eq. 7 and allows one to switch easily from the regimes of light and heavy neutrino exchange (compare with Eq. 10 in the limit of light and heavy neutrinos), even being slightly inaccurate in the region where − p 2 ∼ µ 2 i [57, 63] . Using the last formula and the present experimental bound on 0ν2β lifetime T 1/2 > 1.9 × 10 25 yr [1] , we obtain the upper bound on the mixing |Θ ei | 2 , which is shown in Fig. 1 . When this is compared with the other experimental constraints on the model, compiled by [64] , it is quite evident that 0ν2β play the most important role. The details of the figure are as follows,
• The upper yellow region is disallowed from neutrinoless double beta decay consideration. Part of this region is as well constrained from different meson decays, neutrino decay-searches as well as other experiments, shown explicitly in the figure. The lower blue region is the allowed one from 0ν2β as well as the various above mentioned experiments.
• The middle grey band which has been obtained considering the exchange of a single heavy neutrino with mass µ i in 0ν2β process, corresponds to the uncertainty of the nuclear matrix elements M ν and M N . For the thick black line in this grey band, we have adopted the parameters of [62] , M ν = 5.24 and M N = 363, i.e., p 2 = −(182 MeV) 2 ; for the upper thin black line M ν = 3 and M N = 69, namely, p 2 = −(105 MeV) 2 ; while for the lower thin line M ν = 7 and M N = 600, namely, p 2 = −(203 MeV) 2 . The upper line agrees numerically with the results of [63] (see also [86] ); the large difference with [62] should be attributed to the new short range correlations and improved nucleon form factors. 3 The lower line, instead, is meant to convey a conservative idea of the uncertainties; see [87, 88] for the most stringent upper bound on 0ν2β we could have at present, depending on the size of the nuclear matrix elements. For each of these black lines, the region above the line is disallowed from 0ν2β transition. Figure 1 : Bounds on the mixing between the electron neutrino and a (single) heavy neutrino as obtained from Eq. 15. The upper thin black line corresponds to the result of ref. [63] , the thick black one to ref. [62] , while the lower thin black line is an attempt to convey a conservative assessment on the residual uncertainty. For comparison, we also show other experimental constraints as compiled in [64] . See text for details.
• The span of values of M ν used in Fig. 1 is much more conservative than the one of [62] , quoted above. It corresponds to the range given in the compilation [89] , see their Fig. 1 . By comparing with a similar compilation of about 10 years ago [82] , see their Fig. 2 , one understand that the new nuclear physics calculations obtained a reduction of the uncertainty of a factor of two for the regime of light neutrino exchange. This improvement is of enormous importance: the lifetime scales only as the square of the nuclear matrix elements, while in presence of background, the improvement of the bound on the lifetime scales as the square root of the exposure.
• The limits from 0ν2β which has been derived using the result of [62] and presented in Fig. 1 , are significantly tighter than the previous limits on mass and mixing given in [63] (the result of [63] has also been adopted in recent global analysis [64] ). Conversely, the impact of other constraints, in particular those from meson decays, neutrino-decay searches and other experiments, becomes relatively less important: See again [64] (and in particular their Fig. 2 ) where full reference to the original literature is provided.
3 Type I seesaw and the nature of the 0ν2β transition Type I seesaw is in many regards the simplest extension of the standard model: only heavy sterile neutrino states are added to the spectrum of the SU(3) C ×SU(2) L ×U(1) Y theory [58, 59, 60, 61] , with a primary purpose to account for light neutrino masses in a renormalizable gauge model. However, these heavy states might lead to measurable effects, in particular, for the neutrinoless double beta decay. In this section we discuss the nature of 0ν2β transition within the Type I seesaw [56, 57] , emphasizing the possibility discussed occasionally in the literature that the heavy neutrino exchange contribution plays the main role for 0ν2β. In the present study, we analyze in greater detail the parameter space of Type I seesaw.
Let us describe in detail the outline and scope of this section. First, we recall the basic notations for the model (Sect. 3.1). In Sect. 3.2 we provide a precise formulation of a naive and widespread expectation: within Type I seesaw, the contribution of the heavy neutrino states to the 0ν2β decay is smaller than the one due to light neutrino states. Actually, for one generation this naive estimation works perfectly well (see Sect. 3.2.1) but for more than one generation, it is possible to obtain a large and dominant contribution to 0ν2β from the heavy neutrino states, which is not necessarily inherently linked with the light neutrino contribution. This will be discussed in detail, after the mathematical premise of Sect. 3.3, aimed at outlining the cases when the light neutrino masses are much smaller than suggested by the naive expectations from seesaw. Finally, we discuss in Sect. 3.4 the possible cases when heavy neutrino exchange provide us with a large effect in 0ν2β. We exhibit explicit examples when this happens. We prove that this possibility can be implemented within Type I seesaw, without occurring into limitations on the structure of the light neutrino mass matrix. As an extreme possibility, we show that it is possible to arrange a large contribution from the heavy Majorana neutrino exchange, even when the light neutrino contribution to 0ν2β is negligible. We discuss the possible issues, like radiative stability in Sect. 3.3.3, the possibility of relatively less fine-tuning in Sect. 3.4.2, and derive bounds on heavy neutrino mass scale and fine-tuning parameter in Sect. 3.4.5. Finally, in Sect. 3.4.6 we present an explicit numerical example, where the heavy neutrino contribution is the dominant one and the light neutrino contribution is negligibly smaller than the heavy neutrino contribution.
Notation
In our subsequent discussion of 0ν2β process and its relation with Type I seesaw, we denote the standard model flavor neutrino states by ν L and the heavy Majorana neutrinos by N L . The Lagrangian describing the mass terms is the following,
For three generation of standard model neutrinos ν L and n h generation of sterile neutrino state N L , M T D and M R will be of 3 × n h and n h × n h dimension. From the above Lagrangian one obtains this following neutral lepton mass matrix,
The neutrino flavor state ( ν L N L ) T is related to the neutrino mass state ( ν m N m ) T by the unitary mixing matrix U where,
The mixing matrix U which diagonalizes the above mentioned neutral lepton mass matrix satisfies the following relation
n is the diagonal neutrino mass matrix. We denote M d n as follows,
where m i and M i represent the light and heavy neutrino masses respectively. It is convenient to introduce a couple of auxiliary matrices U 1,2 as U = U 1 U 2 . The first matrix U 1 block-diagonalizes M n , namely it satisfies U
Let us denote the block-diagonalized matrix as,
It is possible to operate a systematic expansion of M bd and U 1 is powers of M R [90] , thus enforcing the seesaw approximation, M R M D . Up to leading order in powers of M R , we have simply M N = M R for the heavy neutrino mass matrix, while the light neutrino mass matrix reads,
Keeping terms up to 2nd order in M −1 R , the mixing matrix U 1 is,
Next, we denote the mixing matrix U 2 as follows,
where the mixing matrices U and W diagonalize the light and heavy neutrino mass matrices M ν and M R respectively:
. From Eq. 22 and Eq. 23, one immediately obtains,
To the leading order, the mixing matrix U is simply,
Finally and quite importantly, we note that the mixing between light and heavy neutrino states is
According to convention of Eq. 4, this mixing matrix is denoted as V , namely
In the basis where the heavy Majorana neutrino mass matrix is diagonal, M R = W * diag(M i )W † , we rewrite the mixing matrix V as follows,
and the Dirac mass matrix in this basis is simply,
We note in passing, that Eq. 4 is actually valid only when |V i | 1; the deviations that should be expected (due to the unitarity constraints) are formally evident from Eq. 24, and are usually small.
Naive expectations for 0ν2β in Type I seesaw model
In this section, we aim to define precisely which are the naive expectations from the Type I seesaw model for various interesting measurable quantities. Subsequently, we argue for the interest in exploring alternative possibilities.
Heavy neutrino exchange in the single flavor case
Let us begin the analysis by showing that, a single flavor Type I seesaw implies that the light neutrino exchange in 0ν2β process is never sub-leading. In other words, it is not possible to attribute the 0ν2β transition to the heavy neutrino exchange with one light and one heavy neutrinos only.
Assume one light and one heavy Majorana neutrino ν L and N L with masses m 1 and M 1 respectively. The flavor state ν e is mixed with the mass states as follows,
and thus the 0ν2β transition amplitude receives a contribution proportional to, 1 −p 2 , the second term within the bracket is much smaller than unity.
With this, we conclude that for one generation case, the contribution of the heavy sterile Majorana neutrino state to 0ν2β process is always much smaller than the one of the light Majorana state. This implies that, in order to have a large contribution to 0ν2β within Type I seesaw, we need to consider the multi-flavor case. However, such a property is not generic of a multi-flavor case, as shown later.
Naive expectations: 0ν2β, colliders and lepton flavor violation
Next, we consider the naive expectations from Type I seesaw. Since this discussion is quite important for the following discussion, we begin by providing a precise definition of what is meant by 'naive expectations'. Most of these expectations correspond to simple scaling laws, obtained replacing the Dirac mass matrix M D in Eq. 17 with a single mass scale m, and likewise the Majorana mass matrix M R with a single mass scale M . In other words, here we assume that all heavy neutrino masses are of the order of M , all light neutrino masses of order of m 2 /M (see Eq. 21) all mixing angles with heavy neutrinos V i (with = e, µ, τ and i = 1, 2, 3) are of the order of m/M (see Eqs. 26 and 27); and, when we speak of "seesaw", we simply mean that we restrict to the case M m. Fig. 2 shows the relevant portion of the (m − M )-plane. The three gray bands correspond to the following boundaries: (1) M > 200 MeV, i.e., heavy sterile neutrinos are assumed to act as point-like interactions in the nucleus, as discussed in Sect. 2.1, see in particular Eq. 7; (2) m < 174 GeV, in order to ensure perturbativity of the Yukawa couplings; (3) M > m, namely, to the seesaw in a conventional sense. The (m − M )-plane is divided in various regions (half-planes) by the three oblique lines, that corresponds to power laws in log-log plot, and are defined as follows:
• The leftmost oblique line separating white and blue region corresponds to the condition that the naive formula for neutrino mass gives a small enough result: M ν ∼ m 2 /M = 0.1 eV. The inequality m 2 /M > 0.1 eV, excluded experimentally, corresponds to the region that lies below the line. (We will discuss below the cases when this bound can be evaded).
• The condition that the naive contribution from the heavy neutrino exchange to 0ν2β amplitude:
saturates the present experimental bound [1] gives the line close to the diagonal and which separates the pink and blue region of the parameter space. The half-plane below this line defines the region where this contribution is larger than allowed experimentally.
• The area below the oblique line separating the pink and yellow region is the region in m − M plane, where the production of the heavy Majorana neutrinos in colliders is not suppressed by a small coupling. The oblique line corresponds to the heavy and light neutrino mixing angle V µi ∼ m/M ∼ 10 −2 , and the region below this line corresponds to V µi > 10 −2 : the muon flavor refers to the possibility to have a same sign di-muon signal [91] .
Note that the last region is divided in two parts by the µ → eγ bound that applies to [92] . This excludes the rightmost region; the almost vertical line corresponds to the fact that when M < M W , the limit is relaxed. For one generation of standard model neutrino ν L and one heavy sterile state N L , of course the bound would be absent.
If taken rather literally, the naive expectations on Type I seesaw (as defined here) would suggest that the existing bounds on neutrino masses imply that there is no room for large contributions to 0ν2β from heavy neutrinos, or to produce heavy neutrinos at colliders, or to expect a rapid µ → eγ transition.
Alternative possibilities in the multi-flavor case
However, as it is known in the literature and as we discuss in great details later, the naive expectation on M ν discussed in the previous section, can be strongly relaxed in certain multi-flavor cases.
This offers interesting possibilities for the phenomenology of Type I seesaw and in particular for the investigations of the nature of 0ν2β transition within this model. Indeed, the impression that one receives from Fig. 2 is that, even after evading the constraint from neutrino mass, the constraints from 0ν2β are likely to be relevant in a large portion of the parameter space, which agrees with the conclusion of [70] . We will show in the following that this impression is confirmed by a detailed analysis in a large portion of the parameter space. When we depart from the condition that the mixing angles are all the same, V ei ∼ V µi ∼ m/M we can decouple the size of the various amplitudes: in fact, the amplitude of 0ν2β depends on V 2 ei , the one of same-charge di-muon signal depends instead on V 2 µi , and finally µ → eγ depends on V * ei V µi . This fact, already, provides a large freedom to phenomenological investigations. However, in this work we prefer to proceed systematically, and will be mostly concerned to classify which cases (which matrices) evade the constraint from neutrino mass, showing that at the same time, the heavy neutrino exchange contribution can play a relevant role for the 0ν2β decay process. This can be achieved if light neutrino mass is strongly suppressed than the naive expectation from seesaw.
With these phenomenological motivations in mind, we proceed to investigate in detail the different cases when the neutrino masses are much smaller than suggested by the naive expectations.
However, we would like to sketch out in passing an important theoretical consideration, that will be developed in the following. Consider the case when the tree-level neutrino mass-matrix is very suppressed or zero. We expect that the radiative corrections will provide us with non-zero mass-matrix; let us say, for definiteness, of the order of
, where g is some order-one gauge coupling. Thus, the tighter constraint depicted in Fig. 2 -the one denoted 'ν L mass too large'-can be relaxed, but only by a couple of orders of magnitude. This implies that the sterile (i.e., heavy) neutrino exchange contribution to 0ν2β can have a dominant role only in a limited region of the parameter space, when the sterile neutrinos are not too heavy. Stated differently, the lighter the sterile neutrinos, the less problematic is to reconcile a dominant role of the sterile neutrinos for the 0ν2β transition with the values of the masses of the ordinary neutrinos.
Departing from the naive expectations for neutrino masses
We are interested to the cases when the naive expectation for the light neutrino mass, M 
Solving the condition
We describe here a direct procedure to find the non-trivial solutions to the matricial condition M
Consider the three flavor scenario with two 3 × 3 matrices M D and M R , where M R is assumed to be invertible. Using a suitable bi-unitary transformation, we go to the basis where the Dirac mass matrix is diagonal, i.e., M D = diag(q, n, m). This basis is very convenient but only to solve the condition M 
Rotating this 2 × 2 block of M R into a diagonal form, it has one diagonal element equal to zero. We conclude that, in a given basis, we are dealing with the following Lagrangian including the Dirac and the Majorana masses:
where M 1 and M 2 are non-zero since det(M R ) = −M 2 1 M 2 , while M 3 and M 4 are free parameters. Evidently, the characteristic of this 6×6 matrix is 3: there are three null eigenvalues. More in details, we see that operating a rotation in the ν L3 and the N L1 fields, we can transform it into a mass matrix where the new 'Dirac' block is just zero. The physical meaning of these mathematical results is that the condition M
implies that the mass matrix of the light neutrinos is zero to all order, and that this condition can be realized in a non-trivial manner only arranging for a 'large' mixing (i.e., order m/M ) between the left and the right neutrinos. (This conclusion has been derived previously using a systematic expansion of the neutrino mass matrix [90, 93] see also [94, 95, 96] .) From the above proof, it is easy to understand that, up to change of basis, the previous non-trivial solution of the condition M 
with 1 and 2 1. In the following, we denote by a small parameter, which we will use to explicitly tune the smallness of the light neutrino masses. We will show how it is possible to organize the elements of M R and M ν , we show only the leading order. In short, in the following formulae we emphasize the necessary suppressions of the matrix elements in powers of the small parameter . We identified 3 main cases:
Case A: Consider the following Dirac and Majorana mass matrices:
(The elements (1-2) and (1-3) of M −1 R could be much smaller without affecting the argument.) The analysis of this case essentially reduces to analysis of the 2 × 2 matrices. This case yields one massless and two massive light neutrinos and will be discussed in details later, being a prototypical case.
Cases B: A similar situation is realized for the following mass matrices:
that correspond to the following light neutrino mass matrices:
The analysis of these cases is pretty similar to the analysis of the previous one. It is easy to see that, for all of them:
1. The elements of the neutrino mass matrix are at most of the order of . Thus all neutrino masses are more suppressed than the what naive seesaw formula would suggest.
2. However, the determinant of the light neutrino mass matrix is O( 4 ). This essentially implies that the lightest neutrino mass is order 2 , i.e., very small.
Both features of Case B are in common with those of Case A, where the lightest neutrino mass is just zero.
Case C: Finally we consider an interesting case, which is in favor of non-suppressed lightest neutrino mass, i.e.,
Now the elements of the light neutrino mass matrix are at most of the order of O( 2 ) (that is the same as before up to the redefinition 2 → ) but the determinant of the mass matrix is O( 6 ). Hence, depending on , it is possible to have a lightest neutrino mass, which is not small a priori.
Remark Before passing to the discussion of the previous mass matrices, we note that the presence of a very light (or just massless) neutrino, common to Cases A and B-but not necessarily to Case C-could be tested experimentally by future cosmological measurements [84, 85] : In fact, in the case of normal (resp., inverted) hierarchy, we would expect that the sum of neutrino mass is (resp., twice) the atmospheric mass scale ∆m 2 atm ≈ 50 meV.
Quantification of the fine-tuning and lower bound on
The common feature of the neutrino mass matrices classified in the above section is that they are smaller than suggested by the naive seesaw formula; using the symbols as in Sects. 3.2.2 and 3.3.2,
where is a small parameter. 5 The question arises, whether such a structure is stable under radiative corrections. It has been remarked in [71] that, for non-supersymmetric Type I seesaw, the decoupling of two heavy neutrinos with different masses M 1 and M 2 produces a correction to the neutrino mass matrix of the order of
where g is a gauge or Higgs coupling, since the renormalization group evolution of the effective operator differs from the evolution of the Yukawa couplings (or Dirac mass), as shown in [97] . This can be seen as a minimum natural size of the coefficient in Eq. 40,
unless we want to accept very fine-tuned mass matrices, an unattractive possibility that we could however consider, if the data should force us to do so: see Sect. 3.4.7 for a discussion.
Besides the possibility to enforce M 1 = M 2 , by an (approximate) global symmetry [71, 98] to put to zero the radiative correction of Eq. 41, there are also other cases when the resulting condition on (Eq. 42) can be, if not avoided, at least relaxed. First, it is known [99] that in supersymmetry, the effective operator and the neutrino mass matrix receive the same radiative correction, so that the conclusion of Eq. 41 does not hold. Second, also in non-supersymmetric model, heavy neutrinos with masses below the electroweak scale, M < M ew , will not give logarithmic corrections, but smaller polynomial corrections only:
5 For case C, this requires a redefinition of 2 → .
simply because the electroweak physics should decouple. 6 These corrections can be attributed to finite diagrams, where the usual tree level operator for neutrino mass is dressed by Z (or by higgs boson) exchanges (see Fig. 3 ). The condition of radiative stability of the tree level neutrino mass matrix, M ν > δM ν bounds from below:
The discussions in this section can be summarized as follows,
where M ew ≈ 100 GeV; as we see in the following, it is the regime where the corrections are smaller, M < M ew , the one in which we will be mostly interested.
A dominant role of heavy neutrino exchange in 0ν2β
In this section we discuss how it is possible that heavy neutrino exchange provides us with a dominant contribution to 0ν2β within Type I seesaw models. 
The amplitude of 0ν2β and the role of heavy neutrino exchange
The mixing between the heavy sterile neutrino state N L and the standard model neutrino state ν L is caused by the Dirac mass matrix M D (see Eq. 16). As clear from Fig. 4 , the amplitude for the 0ν2β process is proportional to the following factor stemming from the vertices and the propagator,
where we consider the expressions in leading (second) order in M D andM D is the Dirac mass matrix in the basis where the heavy neutrinos are diagonal, see Eq. 28. Reminding that this expression in sandwiched between chiral projectors, its contribution to the 0ν2β amplitude is just,
Focussing again on the case
we can expand Eq. 47 as follows:
where we have used the diagonalizing relation M
The first term in brackets, evidently due to the exchange of light Majorana neutrinos, is the usual one; the second one is the effect of heavy neutrino exchange in which we are interested. For real M R , it can be written simply (up to the sign) as,
a quantity with dimension of an inverse mass. In the following, we will refer often to this as a 'contact term', having in mind the nature of the operator that induces the 0ν2β transition. Using Eqs. 21 and 26, it is easy to verify that Eq. 48 coincides with Eq. 5 fully; but the new expression is more convenient for the subsequent theoretical analysis of Type I seesaw model. In the following, we will speak of a 'saturating contribution' [1] when the heavy neutrino exchange dominates the transition. In formulas and using the notations of Sect. 2.2, this implies that the (absolute value) of the contact term in Eq. 49 is equal to 1/ K 0ν T 1/2 , or, in numerical terms
The case for a large contact term
Being ready to consider the special class of neutrino mass matrices classified in Sect. 3.3, it is possible to understand the cases when the naive expectations of Type I seesaw discussed in Sect. 3 (and in particular Sect. 3.2.2) do not work. These special cases are of great phenomenological interest, especially for neutrinoless double beta decay, but have also some theoretical interest, in view of the fact that they are based on the simplest renormalizable extension of the standard model, that includes massive neutrinos.
In formal terms, and using the symbols as in Sects. 3.2.2 and 3.3.2, we are considering the possibility that the neutrino mass matrix is smaller than suggested by the seesaw formula and at the same time the contribution of heavy Majorana neutrino states in 0ν2β process,
where κ is a coefficient which depends on the specific particle physics model, and will be determined later in this section for the cases of interest. We are particularly interested in heavy neutrino masses that saturate the 0ν2β experimental bound [1] ,
where the nuclear matrix element and the half-life apply both to 76 Ge (see Sect. 2). It is important to note that by reducing the mass scales, the need of fine-tuning (i.e., too small ) diminishes; indeed Eq. 40 and 51 are left unchanged by the scaling
where α < 1 implies that m will be smaller than 174 GeV, maintaining perturbativity of the Yukawa couplings.
(Actually, the fact that decreasing m and M we need less fine-tuning can be understood also from an inspection of Fig. 2. ) Also note the very mild dependency of the heavy neutrino mass scale in Eq. 52 on the true value of the half-life; if the central value found by Klapdor and collaborator is confirmed, this would change by only 3%, but even if the true lifetime should turns out to be 100 times larger, i.e., T 1/2 = 1.9 × 10 27 yr, the mass M in Eq. 52 would just be doubled. The dependence on the matrix elements is also quite mild. Finally, even stretching the perturbativity condition on Y D = m/(174 GeV), from Y D < 1 to Y 2 D /(4π) < 1, the mass M would increase only by a factor of 2.3.
Dominating heavy-neutrino contribution with two flavors
Here we analyze a prototypical two flavor case. We start from rather specific mass matrices, given in the basis where the Dirac mass matrix is diagonal, and then switch to the flavor basis (where the charged current interactions and the charged lepton masses are diagonal). We show that, in this way, we can obtain information on the structure of the contact term. 
(compare with Sect. 3.3.2, Case A, Eq. 36). We derive immediately the neutrino mass matrix and the contact term:
Using the results of [90] , the next higher order contribution to the neutrino mass is found to be
This contribution is suppressed as compared to the leading contribution by a factor m 2 /M 2 1; for m = 174 GeV and M ∼ 16 TeV, the suppression is in fact 10 −4 . Hence, we do not take into account the sub-leading contribution any further.
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The limit → 0 Keeping only the leading order entries in , the light neutrino mass matrix becomes:
The interpretation is the following:
1. The parameter can be used to diminish the value of neutrino masses to the desired value. As an example, for m = 174 GeV and M = 16 TeV, eV-neutrino masses can be generated for ∼ 10 −9 ; for smaller values of m and M , we need less fine tuning, i.e., the parameter increases.
2. Generically, we expect two neutrino masses of similar order and with large mixing (note that the first statement is basis independent, while the second is not; we are still in the basis where the Dirac mass matrix is diagonal).
3. The size of the contact term has been made independent from the size of neutrino masses. In other words, the contact term can take whatever value.
By a suitable choice of phases and restoring the coefficients of the order of 1 from here on, we see that the first non-trivial terms in of the mass matrix in Eq. 57 can be rewritten as:
where 0 ≤ m 1 ≤ m 2 are the mass eigenstates; think e.g., to the solar doublet.
Structure of the contact term in the flavor basis Let us then go to the flavor basis for the neutrino mass and see what happens to the contact term (note that both neutrino mass matrix and the contact term rotate in the same manner when we change basis). First, we apply a rotation by an angle
and, in this way, go to the basis where the neutrino mass matrix reduces to the diagonal form diag(−m 1 , m 2 ). Then we perform a second rotation with a solar mixing angle θ to go to the flavor basis, and include a Majorana phase φ to consider the most general mass matrix. In this way, we recover the well-known expression for ee-element of the neutrino mass matrix, relevant to the 0ν2β:
and in the same basis (flavor basis), the contact term is
where ξ is a factor of the order of 1 (further discussed below) and in the above we used the freedom to redefine the phase φ as φ → φ + π. Thus, in general the latter is non zero and it is correctly estimated dimensionally as m 2 /M 3 . This concludes the proof of the principle in the case of two flavors.
Before passing to the three flavor case, let us consider a couple of particular noticeable two flavor cases:
Additional suppression of light neutrino contribution to 0ν2β An interesting special case is when we
, a condition that can be realized in normal mass hierarchy but not in inverted mass hierarchy, as noted in [81, 82] . From Eq. 59 we see that for (M ν ) ee = 0, we need to have φ = 0 or π and (61) i.e., m 1 ≈ 4.5 meV as calculated with ∆m 2 = 7.6 × 10 −5 eV 2 and θ = 34
• . If φ = π the contact term is also suppressed, if φ = 0, instead, it is unsuppressed. The last possibility offers a very explicit example of a case when the 0ν2β transition is entirely due to heavy neutrino exchange. In the language of Schechter-Valle 'theorem', we can say that this is one case when the black box of [100] , that apparently should connect the double beta decay transition to non-zero neutrino masses, actually does not yield any contribution to the ee-element of the Majorana neutrino mass matrix.
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Suppression of heavy neutrino contribution to 0ν2β We encountered in the previous discussion a case (φ = π and m 1 ≈ 4.5 meV) where the heavy neutrino contribution to 0ν2β is suppressed. The other case when this happens, as we see from Eq. 60, is when ξ = 0. In order to discuss the viability of this case, we need to restore the O(1) coefficients in Eq. 54. First, we note that the expression for M D can be regarded as a definition of m = 0 and = 0, and thus can be left unchanged. Second, we write M R as
where we introduced two free parameters and provided incidentally a precise definition of the parameter M = 0. It is easy to show that
which is a more precise statement than Eq. 57. This calculation shows that not only the mass scales, but also the order-one coefficient of the contact term is completely independent from those entering the neutrino mass matrix.
In other words, we have the freedom to take the limit ξ → 0 in Eq. 60, simply letting b → 0 in Eq. 62. Evidently, this limit amounts to enforcing an approximate global symmetry in the heavy sterile neutrino mass matrix, which assumes a 'quasi Dirac' structure [56, 71] .
Dominating heavy-neutrino contribution with three flavors
A large part of the discussion and conclusions for the two flavor example can be repeated for the three flavor case. It is easy to show that in all cases A, B, C of Sect. 3.3.2 the leading part in of the contact term has the form
in the basis where Dirac masses are diagonal. Here, ξ is a combination of the order-one coefficients of the heavy Majorana and Dirac mass matrices. It is easy to show by direct calculation that this combination can be made independent from the coefficients order-one that regulate the light neutrino mass matrix. However, we need to determine the contact term in the flavor basis. We begin from the light neutrino mass matrix
R M D in the basis where the Dirac mass matrix is diagonal; then, we change to mass basis by the diagonalization O T M ν O = diag(m i ); finally, we reach the flavor basis simply including the leptonic mixing matrix U . The same changes of basis apply to the contact term as well; thus, the quantity that regulates the heavy neutrino exchange contribution to 0ν2β is given by,
By comparing with Eq. 51, we see that the order one coefficient that correct the naive estimation for the contact term is given by The quantity ϕ has modulus between 0 and 1, since it can be thought of as a scalar product between two unit vectors. In practice, all we need is to calculate is the matrix O, since the moduli of the leptonic mixing matrix U ei are known experimentally precisely enough: |U e2 /U e1 | = tan θ 12 and |U e3 | = sin θ 13 , with θ 12 ≈ 34
• and θ 13 ≈ 8
• . In the rest of this section, we provide its evaluation for all relevant cases.
In the cases A and B, discussed in Sect. 3.3.2, working in the leading order , and upon suitable rotations that do not modify the contact term, the neutrino mass matrix has the same structure
Again, it is easy to verify that the higher order contribution in m/M can be safely neglected. As already remarked, these cases produce a very suppressed lightest neutrino mass: if we assume m min = m 1 , we consider normal mass hierarchy, if instead m min = m 3 , we consider inverted mass hierarchy. The later case is in fact already treated; it corresponds in all details to the calculation of the previous section, and the result of Eq. 60 are almost (up effects due to θ 13 ) unchanged. In the basis where Dirac couplings are diagonal, the first case instead requires to identify the following light neutrino mass matrix,
To get the contact term in the flavor basis, one can repeat the same steps. In summary, we get the simple and explicit result for the cases A and B ( for case B, considering the neutrino mass matrix up to O( ))
with normal hierarchy
with inverted hierarchy (69) where the superscript "Fl" represents the flavor basis. For ∆m
• , θ 23 = 42
• and θ 13 = 8
• , the modular of the order one coefficient in the bracket (i.e., ϕ 2 in Eq. 66) goes from about 0.12 to 0.007 in the case of normal hierarchy, and from about 0.94 to about 0.03 in the case of inverted hierarchy, depending on the Majorana phases. Correspondingly, we have the following light neutrino contribution,
|) for normal (resp., inverted) mass hierarchy; note that for normal hierarchy we can have an almost complete cancellation, i.e., an insignificant contribution to 0ν2β from light neutrino exchange, for certain choices of the Majorana phases.
The calculations of case C of Sect. 3.3.2 are slightly more complicated, since the neutrino mass matrix at leading order in and in the basis where the Dirac couplings are diagonal is now
However, it is still possible to obtain analytical expression for ϕ as defined in Eq. 66 applying the results given in Appendix A for the matrix O. The explicit expressions are not particularly illuminating and thus we will omit them here, providing some sample calculation in Table 1 . From this table and from the calculations we see that 1. For any hierarchy and for any value of the lightest neutrino mass m min , the numerical coefficient ϕ of the contact term can reach values close to 1.
2. There is not necessarily a suppression of this coefficient both for normal hierarchy as well as for inverted hierarchy.
3. The special possibility realized for certain masses in normal mass hierarchy when the contribution from light neutrino exchange is very small or just zero, is compatible with a large coefficient ϕ, i.e., it does not contradict the hypothesis that 0ν2β is completely due to heavy neutrino exchange.
Upper bound on heavy neutrino mass M and
Having confirmed the mathematical consistency between Type I seesaw and a large contribution from heavy neutrinos to 0ν2β transition, for rather specific Dirac and Majorana mass matrices, we now want to discuss briefly whether these scenarios run necessarily into the objection of fine-tuning, as well as we now derive the possible upper bounds on the fine-tuning parameter and the heavy neutrino mass scale M . We focus on non-supersymmetric models, which as discussed in Sect. 3.3.3, are more likely to encounter such an objection. Considering the heavy neutrino contribution to 0ν2β as the dominant one, we can assume that the sterile neutrino contribution saturates the present bound (or value) on the lifetime T 1/2 = 1.9 × 10 25 yr [1] . In terms of m, M and κ this can be interpreted as κm 2 /M 3 = 7.6 × 10 −9 GeV −1 , where we have considered the nuclear matrix elements M ν = 5.24 and M N = 363 [62] . Combining with the neutrino mass constraint, m 2 M < 0.1 eV, which automatically ensures the subdominant contribution from the light neutrino exchange as long as |p 2 | > (120) 2 MeV 2 , the upper bound on can be obtained as,
This condition remains unchanged if both contributions to 0ν2β transition amplitude are scaled down by the same factor; this means that we will not be forced to abandon the hypothesis that the heavy neutrino contribution is the dominating one, even if the true lifetime will turn out to be lower than the present bound (or value) on the lifetime. To recollect, the lower bound on given in Eq. 45, ensures the stability of tree level neutrino mass matrix. The above condition on , combined with the lower bound on , given in Eq. 42 or Eq. 44, can also be used to derive upper bound on the heavy neutrino mass scale M . If we use naively as the minimum value of the one given in Eq. 42, we find that M < √ κ × 1 GeV. However, for M < M ew , it is clear that the right bound is obtained using Eq. 44, rather than Eq. 42. Hence, the previously mentioned tight bound on the heavy neutrino mass M is relaxed to
which is a small subset of region indicated by Eq. 52. This is a pretty interesting result: this is the region which automatically satisfies constraints coming from small neutrino mass, as well as from radiative stability of the tree level neutrino mass matrix; the only stringent bound applicable in this region of parameter space comes just from 0ν2β process.
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Note that, low mass scales of the sterile neutrinos have been considered for a variety of reasons in the literature, for instance: [102] for heavy neutrinos and naturalness; [103] for a mechanism of baryogenesis; [104] for a model of 9 Redefining → 2 into the light neutrino mass matrix (relevant for Case C), i.e., Mν ∝ m 2 2 /M , the lower and upper bound on should be interpreted as (M/1TeV) < < √ κ(100MeV)/M . Of course, the upper bound on M remains unchanged by this re-interpretation.
heavy neutrinos (νMSM) ) to account for baryon asymmetry of the universe and dark matter; [105] for low scale leptogenesis in supersymmetry; etc. See [64] for a review with a compilation of the experimental constraints from direct search experiments and earlier bound coming from from 0ν2β, but recall that in view of the revised matrix elements presented in [62] , the actual bound on 0ν2β, as shown in our Fig. 1, is significantly stronger. 
Numerical Example
To illustrate the discussions of the previous sections with numerical analysis, in this section we offer a numerical example, considering the normal hierarchical light neutrino masses |m 1 | < |m 2 | < |m 3 |. This example clearly shows that it is possible to achieve large contact term; i.e., even when light neutrino contribution is small, the factor ϕ can be very large to produce saturating contribution from the sterile neutrino states.
To proceed further, we include the coefficients of M D and M −1 R , written in Eq. 39.
The light neutrino masses in leading order is the following,
where, α, β, γ and δ satisfy the following relations in terms of m i and the free parameter m 0 ,
The leading order expression of the contact term M Table 2 . (77) where, for completeness, we have shown the higher order terms as well. For the choice of input parameters given in Table 2 , the light as well as heavy neutrino masses and the solar and atmospheric mass square differences has been presented in Table 3 . To go to the flavor basis, we further choose the mixing angles as θ 12 = 34 Table 3 : The light, heavy neutrino masses and the solar as well as atmospheric mass square differences.
and θ 13 = 8
• .
The numerical values of flavor basis contact term, as well as the light neutrino contribution and the enhancement factor ϕ has been shown in Table 4 .
From Table 4 , it is clearly evident, that the enhancement factor ϕ 2 = 0.55 is quite large. This, together with the other input parameters m, M and a, k produces a saturating contribution [1, 62] of the sterile neutrino states in 0ν2β process, whereas the standard model neutrino contribution remains strongly suppressed 10 .
2.08 × 10 
Conditions of validity and meaning of Eq. 72
In the last part of this section, we examine in depth the hypotheses that led to Eq. 72 which says that, in the absence of excessive fine-tunings, large contributions to 0ν2β of sterile neutrinos are possible, only if their masses are below 10 GeV or so. Consider the case when the tree-level neutrino mass M tree ν is zero due to a cancellation. This can be regarded as an effect of the opposite (and possibly large) contributions, due to the exchange of virtual sterile neutrinos N 1 and
where, following [71] , we consider a two-dimensional system to simplify the analysis. This can be made explicit considering the mass matrix in Eq. 62, that in the limit → 0 has
Indeed, the mass matrix in Eq. 62 is constructed just to obey the condition of Eq. 78. As already recalled in Sect. 3.3.3, one should consider the radiative corrections to light neutrino masses, that are potentially large. This is true for the one-loop correction estimated in [71] , assuming that both sterile neutrino masses M 2 > M 1 are above the electroweak scale. Using again the matrix in Eq. 62, these read
which is the same as Eq. 41, after including all the order-one factors. The different running of M is described by the order-one factor α 2 − α 1 = λ + At this point, we can focus on the case of interest. When we assume that the sterile neutrinos saturate the 0ν2β bound, the combination of parameters ϕ 2 b m 2 /M 3 is fixed, see Eq. 66. This permits us to rewrite Eq. 80 as
where ϕ is discussed in Sect. 3.4.3 and
is a decreasing function, with λ(0) = 1/2. Note that when b grows, the mass of the lighter sterile neutrino M 1 = M ( 1 + (b/2) 2 − b/2) decreases; but this has to be above the electroweak scale to ensure the validity of the radiative corrections estimated in [71] . The numerical result of Eq. 81 means that the one-loop values of the light neutrinos will be much larger than the measured value, when we assume that the tree level mass matrix is zero and the scale of the sterile neutrinos is above M = 100 GeV.
11 Let us repeat that the crucial hypothesis to reach this conclusion is that the sterile (heavy) neutrinos saturate the 0ν2β bound, which implies that the lepton number is strongly violated. In fact, as it is clear from Eq. 81, the one loop correction δM ν is just proportional to the heavy neutrinos contribution to the 0ν2β amplitude.
Formally, it is possible to replace the fine-tuning condition operated at tree-level, Eq. 78, with a fine-tuning involving also the radiative contributions. For instance, we can include the logarithmic corrections of [71] , imposing the condition
One can rewrite it approximatively as
which emphasizes that we have to concoct a small and ad hoc tree level term to cancel the one-loop term. Eq. 83 permits us to retain large sources of lepton number violation in the theory without contradicting the observed neutrino masses; moreover, it can be extended to include two-loop terms or, possibly, even finite corrections. While technically acceptable, we believe that Eq. 83 should be considered as an excessive fine-tuning, since it is not justified in terms of symmetries and it appears to be even more artificial than the tree level condition Eq. 78.
In the present section, guided by the phenomenological motivations described in the introduction and following a vast literature on the subject, we studied the consequences of accepting a moderate amount of fine-tuning, corresponding to Eq. 78. We could even resort to the fine-tuning condition of Eq. 83 eventually, if the data should force us to do so; e.g., if we would have evidence of the existence of sterile neutrinos of 100 GeV or 1 TeV. But, at present, we miss any convincing motivation to analyze the implications of Eq. 83 any further, and tentatively, we bar it as unlikely. If instead one is convinced on a theoretical basis that this type of conditions (either Eq. 78 or Eq. 83) should not be accepted, the conclusions are those already illustrated in Fig. 2. 
Going beyond Type I seesaw
In the previous sections we have restricted the discussion of 0ν2β for the simple prototype Type I seesaw scenario. As it is well known, smallness of neutrino masses can be well explained by other seesaw scenarios as well, e.g., Type II [59, 68, 106] , Type III [107, 108, 109, 110] , Inverse seesaw [111, 112, 113, 114, 115] , Extended seesaw [66, 67] .
In the case of the Type II seesaw, it is clear that the new contribution due to doubly charged scalars in the triplet is always smaller than the neutrino mass one. This is evident from the fact that the new contribution is again proportional to (M ν ) ee element of the neutrino mass matrix, but now suppressed by the large mass of the doubly charged scalar. The situation changes in the case of the LR symmetric theory, where the right-handed triplet may enter the game since its contribution is proportional to the right-handed analog of (M ν ) ee . However, the constraints from lepton flavor violation processes seem to render this contribution sub-leading compared to the right-handed gauge boson one [55] .
The case of Type III proceeds in the same manner as the Type I, since one simply interchanges the fermion singlets, i.e. the right-handed neutrinos by the neutral components of the fermionic triplets. The crucial difference lies in the collider aspect of the model, since the triplets can be produced through the gauge couplings. We will not discuss this issue any further here; for a recent review of see e.g. [41] . Also, the question lepton flavor violation becomes more intricate [116, 117, 118] .
In the cases of the Inverse and Extended seesaws, the smallness of the neutrino masses is inherently linked with a small lepton number violating element of the neutral lepton mass matrix. The implementation of Extended seesaw in low scale leptogenesis has been studied in literature [66, 67] . Below, we pursue the question of obtaining a large and dominant sterile neutrino contribution for the Extended seesaw scenario [66, 67] , where the sterile neutrino sector has been extended by additional degrees of freedom.
Our discussion on the Extended seesaw proceeds as follows: Below, we first describe the Extended seesaw mass matrix and the relevant mixing matrix. We present a brief comparison between the analytic and numerical result for one generation case in Sect. 4.1.2. After that, in Sect. 4.2, we discuss the dominant role of sterile neutrino states in 0ν2β process. Finally in Sect. 4.3, we discuss the major constraints on the Dirac mixing m and the lightest sterile neutrino mass m s , coming from 0ν2β transition, as well as the heavy Majorana neutrino searches at LHC and the lepton flavor violating process. The detail of the diagonalization procedure for Extended seesaw and the higher-dimensional considerations of the mass and mixing matrix has been given in Appendix B.
Extended seesaw
In Extended seesaw (or Extended double seesaw according to [66] ) framework [66, 67] , we have n-generation (n = 3) of standard model neutrino ν L , m-generation of sterile neutrino state S L and p-generation of sterile neutrino state N L . The Lagrangian describing the mass terms of the neutral leptons has the following form,
We denote the neutral lepton mass matrix as M n 12 where,
To understand the GUT realization of this seesaw scenario, see [67] . In this specific example, we work in a basis where the Majorana mass matrix M R is real and M D represents the mixing between the standard model flavored neutrino state ν L and the heavy sterile neutrino state N L . Furthermore, being a Majorana mass matrix of the heavy neutrino state S L , the matrix µ is complex symmetric. In addition, throughout our analysis we adopt the following few assumptions,
• The generation of N L and S L are identical, i.e., m = p. As a result, the matrix M S is a square matrix.
• The matrices M R and M S are invertible.
• The different sub-matrices of the neutral lepton mass matrix follow this hierarchy,
12 Note that, from hereon in the discussion of Extended seesaw, µ implies the Majorana mass of the sterile neutrino state S L .
Note that, this Extended seesaw scenario is very different from the inverse seesaw scenario [111, 112, 113, 114, 115] , due to the simultaneous presence of both the heavy and small lepton number violating scales M R and µ respectively. The later has been widely discussed in the literature for its large contribution in lepton flavor violating processes [111, 112, 113, 114, 115] . In inverse seesaw, there is only one small lepton number violating scale µ and the lepton number is conserved in µ = 0 limit. Hence, the 0ν2β transition amplitude also vanishes in this limit. On the contrary, in Extended seesaw, the heavy Majorana neutrino contribution can be the dominant contribution, even when the small lepton number violating scale µ vanishes. However, the standard model neutrino masses strongly depend on the small lepton number violating scale µ and hence in the µ = 0 limit, the standard model neutrinos become massless. As a result, the contributions of the standard model neutrinos and the heavy Majorana neutrinos in 0ν2β process are completely decoupled from each other. This is the essence of our work on Extended seesaw, which we discuss in detail in the subsequent sections.
Mass and Mixing
We start with evaluating the mixing of the standard model neutrinos with these extra sterile states S L and N L . The diagonalization of this Extended seesaw mass matrix (Eq. 86) is carried out by the (n + 2m) × (n + 2m)-dimensional matrix U where,
We decompose the mixing matrix U as U = U 1 U 2 , where U 1 and U 2 satisfy the relations U
n are respectively the block diagonal and diagonal mass matrices and are denoted as,
We define the block-diagonal basis and the diagonal mass basis with ( Following the parameterization in [90] , to the leading order the mixing matrix U 1 is,
In the above, we have neglected the O(
elements. In addition, in the diagonal elements (U 1 ) 11,33 , we have shown the dominant sub-leading corrections, and in (U 1 ) 22 , we have shown the correction which does not involve µ. The corrections involving µ in the other elements of U 1 are smaller than the leading order terms and hence we do not show them explicitly. To the leading order, the light neutrino mass matrix m ν , and the heavy neutrino mass matrices m s , m n have these following form, Note that, due to M S < M R , the mass matrices m s and m n of the sterile neutrino states S b and N b satisfy the following inequality m s < m n . From Eq. 90 and Eq. 91, one can see that the standard model neutrino mass matrix depends on the parameter µ, whereas to the leading order, the mixing ((U 1 ) 12 and (U 1 ) 13 )) between the standard model neutrinos ν L and the sterile neutrino states S m , N m are independent of that parameter. Hence, one can choose µ to be small to generate eV neutrino masses, still having large active-sterile neutrino mixings. The corresponding eigenvalues of the matrices m ν , m s and m n can be extracted by further diagonalization with the mixing matrix U 2 , where the mixing matrix U 2 is denoted as,
The three matrices U , W S,N diagonalize the light and heavy neutrino matrices m ν and m s,n respectively,
In the above, m i , M Si and M Ni are the physical masses of the neutrino states ν mi , S mi and N mi respectively. From Eq. 90 and Eq. 92, one immediately gets the following form of the mixing matrix U,
We provide the technical details of the block diagonalization in Appendix B. Below, we present the comparison between the analytical expression of the mixing matrix with the numerical result, considering one generation of standard model neutrino ν L and one extra generation of sterile neutrino states S L and N L .
One generation consideration
For one generation of standard model neutrino ν L and one extra generation of S L and N L states, the mass and mixing matrix is a simple 3 × 3 matrix. We present here a numerical estimation of the mass and mixing in this simplest case, and compare the numerical result with the analytical approximations. The mixing matrix is just:
Few comments are in order,
• The leading order estimation of the diagonal terms is U 11,22,33 ∼ 1.
• U 12,13,23 elements are of the following order
• For µ = 0, O( For this simple one generation case, the numerical analysis has been shown in Table 5 . The different elements M D , M S , M R and µ are the inputs; m ν is the light neutrino mass, whereas the other two heavy neutrino masses are denoted by m s and m n respectively. Considering the sample values of the input parameters given in Table 5 , the estimation of U is the following, 
As expected from Eq. 91 and Eq. 95, • The naive estimation of U 12,13,23 as
−10 matches well the numerical result. 
Extended seesaw and 0ν2β transition
In this subsection, we discuss the contributions of heavy Majorana neutrino states in the 0ν2β process (see Fig. 5 ). Note that, in this case both the heavy Majorana neutrino states S m and N m will participate in 0ν2β process. Depending on the masses and their mixings with the standard model neutrinos, the contributions of the heavy states S m and N m will differ. As for the Type I seesaw, we work in the following mass regime m MeV. As evident from Eq. 94, the electron flavor neutrino state ν e mixes with the different active and sterile neutrino mass states ν m , S m and N m as follows,
where, i, k, l represents the generations of the standard model neutrino state ν m and the heavy sterile states S m and N m respectively. For simplicity, in the above, we have neglected any non-unitary effect associated with U . Note that, the mixing between the electron neutrino ν e and the sterile neutrino mass eigenstates S m and N m are not constrained by the smallness of the standard model light neutrino mass. The discussion of sterile neutrino contribution proceeds analogously as for the Type I seesaw. Denoting the two mixings matrices between the active and sterile states M †
R W N by the notations V eS and V eN respectively, the half-life time period of 0ν2β transition can be expressed as follows,
where the definition K 0ν and p 2 follow the Type I seesaw considerations, i.e., Eq. 11 and [55] ). In the above,
are the contributions of the sterile neutrino states S mi and N mi in 0ν2β process respectively, and M Si and M Ni are the corresponding masses . Expressing V eS and V eN back in terms of M D , M S and M R , the total amplitude of 0ν2β process is the following,
In the above, m ee is the standard model neutrino mass contribution and is given by,
The quantity m s represents the mass matrix of the sterile intermediate state S b and is given in Eq. 91. The contribution of the sterile neutrino mass states S m and N m to the neutrinoless double beta decay amplitude, i.e., the contact terms are respectively given by,
For one generation of standard model neutrino ν e and one extra sterile states S m and N m , the amplitudes simplify to,
where we have used m s ∼ contribution. This can be clearly seen from Eq. 100, as well as from Eq. 101.
• In the µ → 0 limit, when the contribution of the light neutrino m ee is zero, one can even get a non-zero and significant contribution to the neutrinoless double beta decay, due to the additional heavy neutrino states.
• • The light neutrino mass scale is fixed by the lepton number violating parameter µ. For the above mentioned numerical values, eV neutrino mass is generated by fixing µ = 10 −3 GeV.
• In the present scenario, the mixing between the heavy Majorana neutrino state N m and the standard model neutrino ν L is given by
, where
represents the mixing of the heavy state S m with the standard model neutrino state ν L . Also, the mass of the heavy states N m and S m are related by the following inequality m n > m s . Hence, excepting fine-tuning or cancellation among the active-sterile (ν L − S m ) neutrino mixing, the contribution of the heavy states N m will most likely be much smaller. We do not address any such cancellations among the sterile neutrino states S m k in this present study. Hence, in this case, the two contributions A S and A N in Eq. 100 and Eq. 101 are related by the following inequality,
In the next subsection, we present our analysis in detail. Like for the Type I seesaw, we analyze the constraints on the Dirac mass matrix M D and the sterile neutrino mass m s , keeping the mass M R of the sterile neutrino N m fixed.
Constraining m − m s parameter plane
In this section we discuss the different constraints on the lightest sterile neutrino mass m s and Dirac mixing m coming from 0ν2β process, and we provide a naive estimation on heavy Majorana neutrino searches at LHC as well as searches for lepton flavor violating processes. Our discussion relies on the assumption that µ is smaller than the light sterile neutrino mass m s ∼ • The scale of M D is referred as m, while the scale of M S is denoted as M . Among the two scales, the scale of M D is bounded from perturbativity, i.e., m < 174 GeV; while being the mixing between two sterile neutrino states, the scale of M S can take larger value.
• We denote the mass scale of the sterile neutrino states N m by M R , while the mass scale of the sterile neutrino states S m is fixed by m s . 13 This notation perfectly fits the following scenarios,
-when the sterile neutrino masses are not very hierarchical.
-when the model is extended by only two sterile neutrino states S L and N L . Fig. 6 illustrates the naive constraints on the Dirac mixing m and the sterile neutrino mass m s , for Extended seesaw scenario. The bound on m s should be interpreted as the bound on the absolute value of m s . We present our result for the sample case, where the heavy Majorana neutrino mass M R = 1.69 × 10 4 GeV. The details of the figure are as follows,
• The three grey bands are disallowed by the following considerations, -The upper grey band is disallowed, since it violates the Extended seesaw condition M S < M R . In other words, in this region the mass of the sterile neutrino states S m and N m satisfy the following inequality relation m s > M R , which is not permitted by the Extended seesaw criterion.
-The disallowed lower grey band corresponds to m s < 200 MeV.
-The side grey band is disallowed from perturbativity bound on the mixing between the standard model neutrino ν L and the sterile neutrino state N L , i.e., m < 174 GeV.
. As a result, the bound from 0ν2β, heavy Majorana neutrino searches at LHC, as well as the theoretical constraints from Extended seesaw will suffer some corrections, which are proportional to the smallness of µ. The different corrections are as follows,
• The correction to the contribution of the sterile state S m in 0ν2β process is δA S ∼ O( The discussions of the previous as well as this section clearly shows that the leading order contribution coming from the sterile neutrino state S m is independent of the small lepton number violating parameter. It is also clearly evident from the above discussion that the possible correction to 0ν2β amplitude due to the lepton number violating parameter µ will be extremely small. Hence, one can practically consider the 0ν2β bound as independent of this parameter. However, as pointed out before in Sect. 4.1.1 and stressed in the subsequent sections, the light neutrino masses strongly depend on this parameter. Changing µ to a relatively larger value, the 0ν2β allowed region can further be restricted from small neutrino mass constraint.
We present the possible comparison between the 0ν2β bound and neutrino mass constraint in Fig. 7 . For a very small µ (as shown in Fig. 7) , the grey region which are excluded from the theoretical constraints M < M R and m < M remains almost unchanged as compared to Fig. 6 . The pink region is disallowed from 0ν2β consideration [1] . Across the oblique black line separating the pink and white region, the contribution of the sterile neutrino state S m in 0ν2β process saturates the upper bound of [1] , i.e., (Fig. 7) separating the blue and white region corresponds to µ = 10 −3 GeV, and represents the above neutrino mass constraint. The area below this line violates m ν < 0.1 eV and is strongly disallowed from neutrino mass constraint. It is evident from the figure, the blue region which is allowed by the 0ν2β consideration is ruled out by the neutrino mass constraint. However, considering smaller values of µ, the neutrino mass constraint on the m − m s plane can be comparatively relaxed. We have given illustrative example for two other µ values, the red oblique line corresponds to µ = 10 −5 GeV and the orange oblique line corresponds to µ = 10 −7 GeV. For each of the oblique lines, the area below the line is disallowed from the neutrino mass constraint. As it is clearly evident, for the smallest of these three values, i.e., for µ = 10 −7 GeV, the neutrino mass constraint does not restrict the m−m s parameter space any further than the 0ν2β consideration. Hence, we will conclude that the possible additional restriction on m − m s parameter space coming from small neutrino mass can be evaded with the choice of smaller µ, whereas the bound coming from lepton number violating 0ν2β is process possibly the most stringent one.
Summary and discussion
Undoubtedly, the study of neutrinoless double beta decay is one of the main available probes of the lepton number violation. The existing results of the Heidelberg-Moscow collaboration [1] , as well as results from the other experiments, e.g., Cuoricino [2] , IGEX [3] , Nemo [4] provide lower bound on the half-life of this process. In addition, there is already an existing experimental hint on 0ν2β obtained by Klapdor and collaborators [7] , which however, according to [73] , violates the bound obtained from cosmology. The currently running experiment Gerda [5] , as well as the the different future experiments Cuore [6] , EXO [8] , SuperNEMO [9] , Majorana [10] , Lucifer [11] , SNO+ [12] , KamLAND-Zen [13] , Cobra [14] and NEXT [15] will provide much more useful information regarding this process.
The simplest extension of standard model includes the heavy sterile neutrino states, which are responsible of generating light neutrino masses via Type I seesaw mechanism. While the naive expectations would attribute the violation of lepton number in the 0ν2β process totally to the light Majorana neutrino states, with heavy sterile neutrinos playing a subdominant role, there is however the possibility to achieve the opposite extreme within the minimal Type-I seesaw model only. In this work, this question of how to achieve this possibility has been analyzed in detail.
The existing bounds on the active-sterile mixing angle have been re-evaluated, and the leading role of 0ν2β reassessed. Due to the improved result of the nuclear matrix elements given in [62] , the bounds on active-sterile mixing coming from 0ν2β is very stringent: the previous constraint on the mixing angle [63] has become one order of magnitude tighter. On the face of this new result, the bounds from various meson decay as well as other experiments [64] has become relatively less important in all parameter space, and almost entirely superseded by the 0ν2β bound-see Fig. 1 .
The question of having a dominant heavy sterile neutrino contribution in 0ν2β process in the minimal Type I seesaw model (i.e., with three heavy neutrino states) has been explored in detail. In the case of one generation standard model neutrino and one extra sterile neutrino state, the seesaw structure of the neutrino mass matrix automatically guarantees the smallness of the extra sterile neutrino contribution in the 0ν2β process. The opposite regime, when the 0ν2β transition is saturated by the heavy sterile neutrino states, can be possibly achieved, for more than one generation case. To obtain this, the light neutrino mass has to be smaller than the naive expectation from the ordinary seesaw formula. This condition has been implemented beginning from an exact cancellation and then arranging small perturbation in several possible ways. A classification of the interesting Type I seesaw models emerged, with light neutrino mass matrices of all types but also with sterile neutrino states dominating the 0ν2β transition. All the cases can be studied by mean of simple analytical formulae. Moreover, in order to obtain a viable scenario where the light neutrino masses do not suffer from radiative instabilities, the perturbations as well as the sterile neutrinos have to obey additional constraints, and in particular, their masses have to be approximatively lighter than 10 GeV. Several explicit examples illustrate how the sterile neutrino and light neutrino contribution in 0ν2β process can possibly decouple, and the sterile neutrino contribution become dominant, for the two flavor and the three flavor scenarios. The analytical results have been verified numerically. The dominant sterile neutrino contribution in 0ν2β process provide a way to overcome the conflict between cosmology and the experimental hint obtained by Klapdor and collaborators [7] , or more in general to have a relatively fast 0ν2β transition, even with very small neutrino masses. Similar investigations have been carried in more complex seesaw scenarios, and in particular, in the Extended seesaw [66, 67] . In this model, one has additional heavy neutrino states. The lepton number violation is introduced by two main hierarchical mass scales. The light neutrino masses depend on the small lepton number violating scale, and therefore, the sub-eV neutrino masses can be explained by the small lepton number violating scale of the theory. Since the active-sterile neutrino mixing in leading order is independent of this small lepton number violating scale, the standard model neutrino contribution and the extra sterile state contribution are completely decoupled in this seesaw scenario. As a result, the sterile neutrino contribution can saturate the present experimental bound on 0ν2β transition [1] , while the light neutrino contribution can even be subdominant. Possible issues, such as, the higher-dimensional corrections to the active-sterile mixing angle due to the small lepton number violating scale, as well as to the 0ν2β transition amplitude have been discussed in some detail. The details of higher-dimensional correction to the mass and mixing matrix have been evaluated in Appendix B.
These results have direct implications for the phenomenology of the (minimal and extended) seesaw models. In particular, they are potentially relevant for collider physics and rare transitions (such as µ → eγ) though the exploratory investigations here presented suggest only a marginal impact; but more promisingly, these models have interesting implications for meson decays, neutrino-decay searches and cosmology. A systematic study of these issues will be matter of a future work.
where, of course, δ = m 0 acts as a free parameter (we changed the notation just to emphasize that it has the dimension of a mass). The condition that these parameters are real require that one of the following mutually exclusive conditions holds true: Note incidentally that the conditions of Eqs. 105 imply that in the limit m 0 → 0 also one eigenvalue is forced to go to zero, thus this limit does not need to be singular.
A last interesting result is the simple expression for the normalized eigenvectors, namely the vectors satisfying M e i = m i e i , that are also the columns of orthogonal matrix O that diagonalizes M . These are given by
where {i, j, k} = {1, 2, 3}. It is easy to show that any of the condition of Eqs. 105 implies that N i is real.
B Derivation of Eq. (90)
In this appendix, we provide the details of the block diagonalization of Extended seesaw mass matrix and evaluate the mixing matrix U 1 . The neutral fermion mass matrix (Eq. 86) is,
For simplicity we consider the Majorana mass matrix M R to be real. Furthermore, being a Majorana mass matrix, µ is complex symmetric. We assume M R > M S > M D µ and also µ < M
). The block diagonalizing matrix U 1 is (n + 2m) × (n + 2m)-dimensional and satisfies U T 1 M n U 1 = M bd . The matrix M bd has been written in Eq. 88. To evaluate U 1 , we further decompose U 1 as U 1 = U 1 U 1 , where U 1 and U 1 satisfy U 1 T M n U 1 =M bd and U 1 TM bd U 1 = M bd ,M bd is the intermediate block-diagonal matrix. We follow the parameterization of [90] , i.e.,
where B = Σ j B j and B j is B j ∝ 1 M j R
. Up to 2nd order in M −1 R , the mixing matrix U 1 has the following form,
The intermediate block diagonalized matrixM bd is (up to order M ). As the leading order terms in U 1 is unaffected by the inclusion of sub-leading terms, therefore we do not discuss the detail dynamics of sub-leading terms here.
The intermediate block diagonal matrixM bd can further be diagonalized by the 2nd mixing matrix U 1 . As evident from the above, the leading order terms inM bd is, 
To the leading order, the mixing matrix U 1 is,
From the expression of U 1 and U 1 and neglecting the relatively smaller O(
2 one obtains the following expression of the mixing matrix U 1 , given in Eq. 90,
In the above, the (U 1 ) 31 term is of the order O(
). To the leading order, the light and heavy neutrino mass matrices m ν , and m s , m n of Eq. 88 are respectively the following,
Note that, in the above (U 1 ) 31 strongly depends on µ. This can be very easily seen for the one generation case, which we discuss in some detail below.
B.1 Higher Order Consideration
We discuss the possible higher order correction to the block diagonalized matrixM bd and as well as to the mixing matrices U 1 , U 1 , considering one generation ν L , S L and N L . The higher order terms are important to understand the possible corrections to the mixing matrix U 1 and as well as to understand a nonzero (U 1 ) 31 . It is straightforward to verify the results for multiple generation and hence we do not repeat the task anymore. We first discuss the higher order corrections for the case µ = 0 and then simply extend the discussion for µ = 0.
The other mixing matrix mixing matrix U 1 can be evaluated again following the parameterization [90] ,
